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Abstract--lntraparticle mass transfer coefficients were determined by experimental adsorption data of 
m-cresol, quinoline and 1-naphtho[ onto a silica gel in a finite bath. The equal area approximation method of 
nonlinear isotherm was proposed with the assumption that the internal mass transfer coefficient is constant 
and equal to average value in the operating region. In the region where a slope of a constant time line is less 
than that of the operating line(region 1), the original nonlinear isotherm was approximated by a quadratic 
form, and in the inverse case(region 11) the isotherm was approximated by a linear form. Thus approximate 
analytical solutions were obtained. The present experimental conditions were in the region I], and the present 
approximate solution was in a good agreement with experimental results. 

INTRODUCTION 

Design and scale up of adsorption equipments re- 
quire informations on the equilibrium relation and the 
rate parameters which represent mass transfer effects 
such as film diffusion and intraparticle mass transfer. 
The, value of the film mass transfer coefficient can he 
estimated from the correlation equati,ons in the 
literatures. It is also known that the batch experiment 
with a proper model equation for diffusion into the 
particles is an effective method to obtain value of the 
intTapartide mass transfer coefficients [1,2L 

Foe- expressing the intraparticle mass transfer rates 
Fick's second law was applied by many investigators 
[3-9]. But for engineering applications it is useful to ex- 
press the rate equation for intraparticle mass transfer 
in .:erms of a certain expl.icit function of the average 
concentration instead of the point concertration. Olu- 
eckauf and Coates {10] assumed that the rate of mass 
transfer into the particles is proportional to the differ- 
ence between the average concentration c,f the solute 
in the particle and the surface concentration of the par- 
ticle in equilibrium with the fluid phase. The validity 
of their assumption was subsequently supported by 
Jury [11]. It is so called as "Glueckauf's linear driving 
force approximation model", and this model was also 
used in the many literatures [2,12,13]. 

If the equilibrium relation is linear, tke solution to 
model equation is analytically obtained. But the equi- 
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librium relations of the liquid adsorption was known 
to be nonlinear in the most cases, and thus numerical 
technique was commonly required for the solution. To 
overcome this difficulty, Tien {8] and Miller & Clump 
[13] obtained the analytical solution with assumption 
that the concentration of the fluid phase at the particle 
surface is a function of time in a polynomial form. Also 
Spahn and Schli]nder [2] had obtained the analytical 
solution of a model equation for the system which has 
highly favorable type of isotherm with assumption of 
the hypothetical constant equilibrium concentration. 
Another method for obtaining analytical solution had 
been conceptually initiated by Dryden and Kay [14], 
and subsequenlly attempted by Hashimoto et al. [4]. 
The basic idea of their method was to transform of the 
original nonlinear isotherm to a simplified form which 
can be used to obtain the analytical solution. But their 
methods did not have any theoretical basis and also 
had some limitation in selection of the operating con- 
ditions to be used in the solution with reasonable ac- 
curacy. 

The purposes of the present work are to obtain the 
analytical solution of the model equation by approx- 
imating the original nonlinear isotherm, and to deter- 
mine the intrapartic[e mass transfer coefficient from 
the analytical solution and experimental data. 

MATHEMATICAL MODEL 

The liquid is perfectly mixed by suitable agitation 
so that the liquid concentration is uniform throughout 
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the bath except a mass transfer boundary layer near 
the surface of each particle. Then an overall mass 
balance for a solute in the bath gives that 

V ( C - C o ) +  Wq -0 ( i )  

where q is the average concentration in the solid 
phase and Co is the initial concentration in the fluid 
phase. 

To express the rate equation for diffusion into the 
particles, Glueckauf's linear driving force approxima- 
tion model was applied. The mass transfer ?ate on unit 
volume with assumption of spherical particles are then 
descriibed by the following relationship; 

Oddq.t 3 = ~ k ~P~ (q~,-q) f2) 

3 ~C - C=.) 13) 

where C= and q, are the concentration in the liquid and 
solid phase at the particle surface, respectiwJy. Eqn(3) 
represents the mass transfer rate through the external 
surface film on the particles. Normally k,. is dependent 
on concentration [2], but it can be treated as a constant 
by taking as average value for the operating region. 
Since the rate of adsorption is much faster than that of 
the di[ffusion, the local equilibrium at the particle sur- 
face is maintained during the overall run time. Thus 

q~ =q~ (C=). (4) 

Initial conditions were 

C:-Co,  q = 0 .  :5) 

From Eqn(2) and Eqn(3) the following relation was 
derNed 

q= = q  + r (C - C.~) (6) 

where it. represents the relative importance of resist- 
ances in the external film and intraparticle phase, is 
equal to kr/ks Pp. The Eqn(1), Eqn(4), and Eqn(6) re- 
present the operating line, the equilibrium curve, and 
the constant time line in Figure 1, and both slopes of 
Eqn(1) and Eqn(6) are constant throughout the ex- 
perimental run with the assumption that system para- 
meters are independent of time. 

When a nonlinear isotherm is the favorable type as 
shown in Figure 1, the isotherm curve may be flatten- 
ed with increasing concentration of the liquid phase, 
and tlnen it is difficult for the programme to differen- 
tiate between any two values of the solid phase con- 
centration and their corresponding C~ values as 
pointed out by Mckay [12]. Under these conditions the 
program may go unstable. Although the difficulty can 
be avoided by reducing step size for integration, it re- 
quires much computation time. To overcome these 
deficiencies an analytical solution with approximation 
of the nonlinear isotherm would be more appropri- 

I c~P: equilibriuni c'utve 
Q-R: operaling line 
MN: constant time line 

p 
qo . . . . . . . . . . .  

' 

q,, - - -  Q. [ 

r d ,  H 

Cm C(t) C,, 

C 
Fig. I. Equilibrium curve, operating line and time 

constant line, 

ated. This is the reason why the equal area approx- 
imate method was introduced. The approximation of 
the nonlinear isotherm was taken by different fornmla 
at each region as shown in Figure 2. The original 
isotherm may have large nonlinearity in region I while 
it may be nearly linear in region 11. Although these 
aspects are not general, but it can be achieved by 
careful selection of operating conditions, i.e. by in- 
creasing the slope of the operating line. Thus the 
original nonlinear isotherm was approximated by a 
quadratic form in region 1, and was approximated by a 
linear form in region 11. Then the analytical solution 
can be obtained since qs and C~ are explicitly express- 
ed as a function of q and C. The approximate method 
of the each case was as follows; 
1. Case  of  @ < V / W  {region 1) 

The original isotherm, Eqn(4), was approximated 
by the following quadratic form 

q - K ~ C  2~K ~(" k'~ (7) 8 - -  2 . 9 - - ' ' 1  ~ S  - ~ ' O  

and superscript I represents the region I. Eqn(7) is 
reduced to the linear form when K~ is zero, but it is 
not practical except dilute concentration region. 
Eqn(7) represents the dashed curve in Figure 2(a). For 
determining K2 ~, KJ and Ko l, the following three rela- 
tions were exploited in present work. 

i) q l ,  0 ) - q s  ( 0 ) =(} (8) 

ii! qJ {C,,,) - q s  (C,,) =q,,, {9) 

C m Cm 

The first and second relation represented the condition 
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region I 
( 4, < v/w) 

Q 
qm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  - ~ " ~ "  

Cm Co 
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qm 

region II 
( r  v/w) 

P , /  

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  , o 

. . I "  ; i 

Q . 
. . . . . . . .  : : 
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slope -WW 

R 
C,~ Co Co 

(b) 
Fig. 2. Schematic diagram for approximation of the nonlinear isotherm. 

which both the original isotherm and the approx- 
imated isotherm pass to points O(0,0) and Q(Cm,qro) in 
Figure 2(a}, and the third represented the assumption 
that the original isotherm and the approximated 
isotherm have same area under each isotherm in the 
region 0 < Cs < Cm. The third relation was unique in 
this method and it may be theoretically reasonable 
than any other approximate method since the overall 
driving force by the original isotherm(solid curve) on 
Figure 2(a) are equal to that by the approximated 
isotherm(dashed curve) of Eqn(7). The following equa- 
tkm was derived from Eqn(7) to Eqn(10). 

K ' I  = i A ' )  -' (B ' ]  {II) 

where 

Ko', = i .  o o 
(.Nil = Ell IA ' ]  Cm C~ 

]K~ r  

[B'} = ~., . 

2. Case  of ~ > V I W  (reg ion  II) 
In this region the original isotherm was approx- 

imated by the following linear form 

qI3E=K~'C~,+K~ (12) 

and superscript l[ represent the region I1. If the equilib- 
rium is an Lrreversible adsorption, the w~lue of the K~ xz 
in Eqn(12) should be zero. K1 n and Ko If could be ob- 

tained by following three methods. The first was 
Dryden and Kay method [14], and they have approx- 
imated to the line QP instead of curve QP in Figure 
2(b), and then 

K~' q ~  (slope of Q-P) 
C o - C , , '  

If__ _ II Ko -q,~ K, C,~ (13) 

The second method was the modified Dryden and 
Kay method proposed by Hashimoto et al. [4]. They 
used the centered dashed line A~P instead of curve ( ~  
in Figure 2(b), and thus their constants were 

n qo-q,~ (slope of A-P) 
K, - Co-C~, ' 

I I  "II Ko--qo-ll, Co (14) 

The point A is arbitrary, and above relations are reduc- 
ed to the original Dryden and Kay method when the 
point A comes to point Q. 

The third one was proposed in the present work, 
and the following two conditions were applied. 

II I J) q.~ C.) =q~ (C,~) =q,,  (15) 

ii) ~2~ (equal a r e a ) ( 1 6 )  

Eqn(15) represented the condition that the original 
isotherm and the approximated isotherm pass to the 
equilibrium point Q in Figure 2(h), and Eqn(16) was 
unique in this method and it represented that the area 
under the curve QP and the dashed line QP' are same 
in the operating region, Cm < C < Co, as the third con- 
dition for region I. Then the following relation was oh- 

Korean J. Ch. E. (Vol. 6, No. I) 
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tained from Eqn(12). (15) and (16) 

.K" =' i  IAI,/ 1. ,,-LB; 

where 

(17 

/~K" ' K~ I , 1 C= 

- K~ ~A"]  ',Co-C,,,) ~ {C~ -'~'',.~. ' 

rB") I qo 
:,~ q~dC~ 

K2 II is the slope of the dashed line @ '  in Figure 2(b). 
Above three methods coincide with each others when 
the original isotherm is linear. Since the original 
isotherm and operating line intersects at point Q, the 
followirLg relation should be satisfied, 

V (Co - C,~, 
q .  (C~) -- (18i 

W 

and Q(C,,,,q.,) is easily obtained by Newton-Raphson 
method. The analytical solutions obtained with the ap- 
proximated isotherm in each region were given as 
Eqn(19) and Eqn(20) in Table 1. When the external 
mass transfer resistances are neglected, Eqn(20) can be 
directly used because the concentrations of fluid phase 
at the particle surface at the time are always in the 
region II. 

The effect of the parameter r on the fluid phase 
concentration at the particle surface was shown in 

[ c region II 

~ 6!_D ~ region I 

4 V 2::2  
/B 1.05* 

E [ c 0 . 2 ( : v , , ~  i 

2 J :, D 0.106 
-1 i E ( 0106 ; 
1, IF  o.oo ,o6  

0 10 20 30 40 50 
time (rain) 

Fig. 3. Effect of the  ~ on the  surface  fluid p h a s e  con- 
centrat ion  {kf= 1 X I O  "-4 m/rain ,  V / W = O . 2  
m31kg, Co = I0  mole lm3) .  

Figure 3. In the region II C, is in Cm < C, < Q,  and in 
the region l Cs is in 0 < C~ < Cm during all run time. It 
confirmed the fact that the available isotherm can be 
divided to two regions, and also it indicated that the 
time constant line during the whole mn time can not 
jump across the another region at constant r  These 

Table  I. Analyt ica l  so lut ion  u s i n g  a p p r o x i m a t e d  i so therm 

(A) REGION I ( ~ < V / W )  

( X - g ' ; ~ '  - ( X ~  ~ - g a t )  
(X-g2'; ~2 .,Xo- g2) ~2exp 

,,,,'her(.. 

, V / W -  
g~ ~g2 = ~ - - - - T - - )  ' K~ 

(K~+ ~) '  ( K l +  r  r 
g l g ~ = : -  I --,%G:,7 ' 2 (2K,) 2 (K~) 

q (V/W)Co ], g,>g= 
K' 

t19) 

(B) REGION II ( r  

C (g, ~ (g ,Co-g ,  i e x p ' : - g ~ t l i / g ,  

where 

3 W V , k.  r 
g' = RV (K~'+ W' {K~',  ~ r 

3w,,VCo ,, , k ~ L _  ,, 
g ' = R V  ' W  - K o )  'K, § ~' 

3 V~k f 
g ,  - } ~ , ,  (g ,  - g ,  i 

(K~+ r ' r ]o., 

{K/+~) ~ VCo (V /W-  r ~ .... 
X=t (2K;}' ~WK / K~ 

r ~0 ;  external diffusion control r co; internal diffusion control 

(2) 
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results were brought about the assumption that the 
system parameters are independent of time. 

R E S U L T S  A N D  D I S C U S S I O N  

The adsorption rates of m-cresol, quinoline and 
1-naphthol on porous silica gel were measured in a 
finite bath. Experimental procedures were given else- 
where [15]. The equilibrium data were described by 
the following equations within an average deviations 
of 2%; 

m-cresol 

0.118C~ .~~ 
(21) q ~ -  o,~o 600CO.,,o l+0 .090Cs  - 0 .  

quinoline 

0 524C ~ �9 s 

0 .  I 4 6  0 l S7  �9 q * = 1 + 0 . 5 4 9 C ~  -0 .521C~ (22) 

l-naphthol 

1.128C~ 0.555C. , 
q ~ -  1+4 .692C~ (1-+ 1+0.148C~; (23) 

The isotherm for m-cresol and quinoline was repre- 
sented by the generalized Toth's and for 1-naphthol 
the superimposed two-site Langmuir model. 

The parameters of the system used were 

V = 7 . 5 •  10- 'mJ R = 3 . 2 5 •  10 ~m, p . = 6 1 4 k g / m  3 

k / = 9 . 4 3 9 •  10 3m/rain for m-cresol 

k.-=8.605 • 10- 'm/ra in  for quinoline 

kj .=6.619•  10 'm / ra in  for 1-naphthol 

The values of external mass transfer coefficient were 

Table  2. Intrapart lc le  m a s s  transfer  coef f ic ient  ob- 
ta ined for e a c h  run 

(mole/m 3) (g) ks x 10 6 (m/rain) 
RUN Co W 

m-cresol quinoline l-naphthol 

1 5 3.750 - - 5.646 

2 5 5.625 - - 5.781 

3 9 3.750 3.084 5.211 5.682 

4 9 5.625 3.844 5.267 6.024 

5 15 3.750 3.753 5.471 7.317 

6 15 5.625 3.828 5.312'. 7.583 

7 20 3.750 3.979 6.10 c, 7.817 

8 20 5.625 4.184 6.572 8.207 

9 25 3.750 6.280 9.191 - 

10 25 5.625 5.927 8.851 - 

11 30 3.750 8.337 9.784 - 

12 30 5625 8 . 0 5 5  10.144 - 

-6 
g 

4 m 

2 - -  

I,.- observed 

- -  , film diffusion 

0 - -  I l l I I 
0 5 10 15 20 25 30 

time (min) 

Fig. 4, ConcentraUon  curve  of m-creso l .  

determined by the empirical equation(16). 
The experimental data for Run 3 of m-cresol in 

Table 2 was compared with the film diffusion model in 
Figure 4. The concentration curve for the model was 
reached instantaneously to equilibrium state. It meant 
that film diffusion resistances was small as negligible. 
Similar tendency was obtained for quinoline and 
l-naphthol. Accordingly, the present experimental 
conditions should be in region II. Thus the theoretical 
concentration curves in this work were calculated by 
using Eqn(20) in Table I. 

On the other hand, the operating range for the 
region ll(from C~ to Co), i.e., the degree of curvature of 
available isotherm, varies with Co and V/W. When the 
curvature of available isotherm is very large, the devia- 
tions between original nonlinear isotherm and approx- 
imated isotherm are also large. Hence the approximate 
method requires a proper combination of Co and V/W 
to be used within an allowable error. Accordingly, the 
equilibrium factor, F, defined as Eqn(24), was in- 
troduced to express the degree of bnearity of available 
isotherm in the region II. 

( q, , -qh . q,~- q,~ 
F (Co, V / W ) =  , ~ ) / t ~ .  (24) 

Figure 5 shows that F is a function of the Co and V/W. 
Point H on this figure was selected to middle point for 
the operating region, i.e. Ch= Cm+(Co-C,,)/2. The 
criteria for linear, favorable and unfavorable of the iso- 
therm are, respectively F = 1, F < 1 and F > 1. When 
F approaches one, the accuracies of the approximate 
method increase. 

The concentration curve for m-cresol calculated 
with the nonlinear isotherm was compared with those 
for the approximated linear isotherm in Figure 6(a) 
and 6(b). For the modified Dryden and Kay method in 
these figures, the point A in Figure 2(b) was selected to 

Korean J. Ch. E. (Vol. 6,  No. I) 
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C 

Fig. 5 . . S c h e m a t i c  d iagram for def ini t ion of the equi- 
l ibrium factor(F). 
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~ .  --z~-..-.-~,-- :with non]inear isothern/ 
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---o '---o--  :D~den & Kay 

---O----~--- :Hashimoto el al 

F = 073228 

6 I r I I I 
9 2 4 6 8 |0 12 

lime (rain) 

Fig. 6(b). C o m p a r i s o n  b e t w e e n  concentrat ion  c u r v e s  
c a l c u l a t e d  with n o n l i n e a r  and approx-  
imated l inear  i so therm at F -- 0 .73228 .  

10 

--,~-...-.-a-- :with nonlinear isolherm 

8 - - -o - - - -o - - -  : present method 

- - . o - - - o . . - -  :Dryden & Kay 

6 '\--..~----.u-~- : Hashirnolo el al. 

' ,  

4 =i~'~'k".~ F = 0.52915 

2 4 6 8 l0 12 

time (rain) 

Fig. 6(a). C o m p a r i s o n  b e t w e e n  concentra t ion  c u r v e s  
c a l c u l a t e d  wi th  n o n l i n e a r  and  approx-  
imated  l inear  i so therm at F--  0 .52915 .  

the  half point of the operating region. Comparison of 
these two figures showed  that the deviat ions of con- 
centrat ion curve calculated with the nonl inear  iso- 
therm from those with the approximated  isotherm 
were  smaller  at higher  values of F. It was due to the 

fact that the linearity of isotherm was increased with F. 
Also the me thod  proposed in present  work had less 

deviations than the others. 

For compar ing each method  for regioE I1, the 
average percent  error(Er) was defined as 

I CAL,-- C,, 
Er := ~-r I C , , . ,  I • 100(%) {25) 

where N~ was the number of calculated points, and 

CAL l and CNI represented the concentrat ion of the fluid 
p h a s e  calcula ted wi th  the  a p p r o x i m a t e d  l inear 
isotherm and the original nonl inear  isotherm, respec- 
tively. Figure 7 showed the effects of the F on E~ of 
quinoline.  Er was reduced with increasing of F and 
was exactly zero in case F - 1 .  Also the presenl 
method had the smallest error at fixed F, i.e. il inwflv- 
ed wider range of the F than the others  at same allow- 

able error range. It indicated that the present method 
had more versatility to the selection of C,~ and V/W 
and it was more  reliable than the other  methods.  For 
each solute the ranges of F obtained under  the present  
exper imental  condit ions were 

0.83131 < F < 0.90586 for m-cresol 

25 \ 
-O.-O- :Dryden & Ka} 

20 - " ~ - ' -  :Hashimoto et a l k  

lo \ ', ~ %... .. 
t s ,, 

0 ' 
0.5 0.6 0.7 0.8 0.9 

F 
Fig. 7. Effect of F on Er of the quinol ine .  
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Table 3. Comparison between slope of time constant 
line {~b) and slope of operating line (V/W) 
for all run. 

(mole/m 3) (m3/kg) 
RUN Co V/W 

(m3/kg) 

m-cresol Quinoline 1-naphthol 

1 5 0.200 - - 1.9] 

2 5 0.133 - - 1.87 

3 9 0.200 4.99 2.6!) 1.9(I 

4 9 0.133 4.00 2.61") 1.79 

5 15 0.200 4.10 2.56 1.47 

6 15 0.133 4.02 2.64 1.42 

7 20 0.200 3.93 2.29 1.38 

8 20 0.133 3.67 2.13 1.31 

9 25 0.200 2.45 1.53 - 

10 25 0.133 2.59 1.58 - 

11 30 0200 1.84 1.43 - 

12 30 0.133 1.91 1.38 - 

0.84661 < F < 0.96915 for quinoline 
0.83000 < F < 0.91237 for 1-naphthol 

Errors for each solute in the above range of F were 
within about 2%, and it gave a good reason for useful- 
hess of the present approximation. 

The values of ks obtained by comparing the theo- 
retical curve and experimental data ,were given in 
Table 2. These values were increased with Co. It can be 
explained that mass transfer rate into the particle is 
high in the system with large Co since the average bon- 
cling energy between solute and particle surface is de- 
creased with Co [17]. 

To check the present experimental conditions was 
in region II, values of the r for all runs were cal- 
culated, and the results were given in Table 3. The 
values of g, shown were larger than these of V/W for 
all runs Thus the present experimental conditions 
were well inside of region II. 

CONCLUSIONS 

In general the intraparticle mass transfer coeffk:ient 
is not constant but it can be treated as constant by tak- 
ing as average value for the operating region. Then the 
slope of the constant time line is independent of time. 
This property allowed that the region of available 
isotherm can be divided into two parts by the operat- 
ing conditions. Hence the original nonlinear isotherm 
with the restriction of equal area under isotherms was 
approximated by the quadratic form in region I where 
the slope of the constant time line is less than that of 
the operating line, and by the linear form in region If 

where the slope of the constant time line is larger than 
that of the operating line. The present experimental 
operating conditions were in region If, and the present 
work appeared to be a good simplified method to ob- 
tain approximate solution of model equation and 
especially it was more reliable method than the other 
methods applied for region lI such as Dryden and Kay 
and modified Dryden and Kay. 

NOMENCLATURE 

C : fluid phase concentration [mole/m 3] 
C,, : fluid phase concentration at equilibrium [mole/ 

m 3 ] 
Cs : fluid phase concentration at the particle surface 

[mole/m 3] 

Er : average percent error [%] 
F : equilibrium factor [-] 
K : equilibrium parameters 
kr : external mass transfer coefficient {mtmin] 
ks : intraparticle mass transfer coefficients [mtmin] 
Nc : number of calculated points [-] 
q : average solid phase concentration [mole/kg] 
qm : solid phase concentration at equilibrium [mole/ 

kg] 
qs : solid phase concentration at the particle sur- 

face [molefkg] 
R : mean particle radius [m] 
t : time [mini 
V : volume of solution [m 3] 
W : weight of adsorbent [kg] 

G r e e k  Letters  

pp " particle density [kg/m 3] 

: kt/ks Pp [m~/kg] 
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